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Abstract

In this note we generalize the construction, due to Ghilardi, of the free Heyting algebra generated by
a finite distributive lattice, to the case of arbitrary distributive lattices. Categorically, this provides an
explicit construction of a left adjoint to the inclusion of Heyting algebras in the category of distributive
lattices This is shown to have several applications, both old and new, in the study of Heyting algebras:
(1) it allows a more concrete description of colimits of Heyting algebras, as well as, via duality theory,
limits of Esakia spaces, by knowing their description over distributive lattices and Priestley spaces; (2)
It allows a direct proof of the amalgamation property for Heyting algebras, and of related facts; (3)
it allows a proof of the fact that the category of Heyting algebras is co-distributive. We also study
some generalizations and variations of this construction to different settings. First, we analyse some
subvarieties of Heyting algebras – such as Boolean algebras, KC and LC algebras, and show how the
construction can be adapted to this setting. Second, we study the relationship between the category of
image-finite posets with p-morphisms and the category of posets with monotone maps, showing that a
variation of the above ideas provides us with an appropriate general idea.

1 Introduction

One of the many attractive features of duality theory as it pertains to the theory of Boolean algebras
and distributive lattices is that many constructions which are quite generic in algebraic terms (e.g., word
constructions), become more concrete when put in dual terms. A prime example of this lies in the coproduct
of Boolean algebras: in contrast to the abstract description of coproducts of algebras, given Boolean algebras
B0 and B1, their coproduct B0 ‘ B1 can be described as

CloppX0 ˆX1q,

where B˚
0 “ X0 and B˚

1 “ X1 are the Stone duals of these algebras. This makes it possible to prove several
general facts by simple observations – for instance, the fact that the canonical coprojections into a coproduct
are injective follows from the fact that the projections of Stone spaces onto its factors are surjective. Similar
facts hold regarding distributive lattices and their dual Priestley spaces.

At the root of this simplicity in describing coproducts, lies the fact that free algebras in these varieties
admit rather explicit constructions. Indeed, the structure of free Boolean algebras and free distributive
lattices on any number of generators is well-understood, and has been extensively exploited both for algebraic
and set-theoretic purposes (see [21, Chapter 9-10] for an extensive discussion).

In sharp contrast to this, the structure of free Heyting algebras is much more difficult: already the
free algebra on one generator is infinite, and the free algebra on two generators is notoriously difficult.
As such, there has been considerable attention devoted to such objects. Notably, the construction of the
n-universal model (due independently to Bellissima [3], Grigolia [18]) and Shehtman [27], allowed a more
concrete description of the completely join-irreducible part of the free n-generated Heyting algebras; whilst
the construction of the free n-generated Heyting algebra by Ghilardi [16] (which generalized previous work
by Urquhart [29], and was in turn generalized for all finitely presented Heyting algebras by Butz [9]) and the
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associated ideas allowed the development of semantic proofs of several key facts regarding this category of
algebras: the fact that free Heyting algebras are bi-Heyting algebras, the fact that the first-order theory of
Heyting algebras has a model completion (due in its syntactic form to [24], and proven as such by Ghilardi
and Zawadowski [17]), the fixed-point elimination theorem (proved in its syntactic form by Ruitenburg [23]
and in its semantic form by Ghilardi and Santocanale [26]), amongst others. All of these make explicit and
non-trivial use of the fact that the algebras of interest are finitely presented, and exploit the finitarity to
work with discrete dualities at key steps. As such, a description of general free constructions of Heyting
algebra seems to not have been addressed in the current literature.

From our point of view, the main hurdle in this is realizing the crucial point of finiteness: the above
constructions by Ghilardi rely heavily on the properties of Birkhoff duality for finite distributive lattices,
and it is not obvious how to generalize such facts to the infinite case. The purpose of this paper is to provide
such a generalization. In place of Birkhoff duality we use Priestley duality, and show that this allows us to
construct all free Heyting algebras in a way which generalizes existing work. This amounts essentially to
describing a left adjoint to the inclusion of HA, the category of Heyting algebras, in DL, the category of
distributive lattices.

Having such a description at hand, we then proceed to employ it to provide some results on the structure
of Heyting algebras, some known and some new:

1. A description of free Heyting algebras on any number of generators is given;

2. A description of coproducts of Heyting algebras is given, and it is shown that the category of Heyting
algebras is co-distributive;

3. A description of pushouts of Heyting algebras is given, and it is shown directly that the coprojections
of Heyting algebras to the pushout are injective (yielding, as a corollary, the amalgamation property).

We then proceed to extend these results this in several directions, remaining in the realm of Heyting
algebras and associated categories. We first show that this construction can be adapted when dealing with
some subvarieties of Heyting algebras. Rather than providing a general theory, we focus on two important
and illustrative cases: KC algebras and LC algebras. Our analysis of the latter also reveals a surprising
property of Gödel logic which we were not aware before: that every formula in Gödel logic is equivalent to
one of modal depth 2. Finally, we look at the relationship between the category of posets with p-morphisms
and the category of posets with monotone maps, and provide a left adjoint to the inclusion which is heavily
inspired by the above constructions. We briefly discuss some coalgebraic consequences of this, which we plan
to elaborate on in joint work with Nick Bezhanishvili [2].

The structure of the note is as follows: in Section 2 we recall some basic preliminaries, and fix some
notation moving forward. Section 3 contains the main technical tools, in the form of the description of the
free Heyting algebra generated by a distributive lattice preserving a given set of relative pseudocomplements;
in Section 4 we showcase some basic applications of the aforementioned theory to the study of Heyting
algebras: some well-known results, like the amalgamation theorem, are shown here through direct methods,
as well as some seemingly new results, like the co-distributivity of the category of Heyting algebras. In
Section 5 we look at the case of subvarieties of Heyting algebras and illustrate how these constructions can
be fruitfully analysed there. In Section 6 we look at the corresponding relationship between the category of
posets with p-morphisms and the category of posets with monotone maps. We conclude in Section 7 with
some outlines of future work.

2 Preliminaries

2.1 Algebraic Background

We assume the reader is familiar with the basic theory of Boolean algebras and Distributive lattices (see
for example [12]). Throughout we will use the term “distributive lattices” for bounded distributive lattices,
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i.e., our lattices will always have a bottom element p0q and a top element p1q. We also assume the reader is
familiar with Heyting algebras and their elementary theory (see e.g. [15]).

We recall the following constructions, which are part of the folklore of the subject (see [28] for an in-depth
discussion):

Definition 1. Let X be an arbitrary set. Let BpXq be the Boolean algebra dual to the Stone space

F pXq :“ 2X

where 2 is the two element Stone space, and F pXq is given the product topology.
Similarly, let DpXq be the distributive lattice dual to the Priestley space

FDpXq :“ 2X

where 2 is this time the poset 0 ă 1, and FDpXq is given the product topology and the product ordering.

We then have the following well-known fact:

Proposition 2. Let X be an arbitrary set. Then:

1. BpXq is the free Boolean algebra on X many generators;

2. DpXq is the free distributive lattice on X many generators.

Given D a distributive lattice, and A Ď D, we write FilpAq for the filter generatedd by A, and similarly,
IdpAq for the ideal generated by A. We also recall that the following prime filter theorem holds for distributive
lattices:

Theorem 3. Let D be a distributive lattice, F, I Ď D be respectively a filter and an ideal, such that FXI “ H.
Then there exists a prime filter F 1 Ě F such that F 1 X I “ H.

2.2 Duality Theory

Throughout we assume the reader is familiar with Stone duality, as covered for example in [12]. Given a
distributive lattice, we denote the representation map as

φ : D Ñ ClopUppXDq

where φpaq “ tx P XD : a P xu.
We also note that for our purposes a given ordered topological space pX,ďq is called a Priestley space if:

• pX, τq is a compact topological space.

• For each x, y P X, if x ę y then there is a clopen upset U such that x P U and y R U .

We say that a Priestley space X is an Esakia space if whenever U Ď X is a clopen set, then ÓU is likewise
clopen.

A fact that will often use below is that if pX,ďq is a Priestley space, and Y Ď X is a closed subset, then
pY,ďæY q is a Priestley space as well. We also note the following important, though easy to prove, fact:

Proposition 4. Let D be a distributive lattice, and let a, b P D be arbitrary. Then if c is the relative
pseudocomplement of a and b, then

φpcq “ XD ´ Ópφpaq ´ φpbqq.

An important part of our work will deal with inverse limits of Priestley spaces. The following is clear
from duality theory:
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Proposition 5. Let pDn, ιi,jq be a chain of distributive lattices, connected by embeddings ii,j : Di Ñ Dj for
i ă j satisfying the compatibility laws. Let pXn, pi,jq be the inverse system of Priestley spaces one obtains
by dualising all arrows. Then the directed union of the directed chain, Dω, is dual to the projective limit
Xω of the inverse system. Moreover, if each Xn is an Esakia space, and each pi,j is a p-morphism, then Xω

is likewise an Esakia space.

We also recall the well-known construction of the Vietoris hyperspace, due to Leopold Vietoris [30]: let
pX,ďq be a Priestley space. Let V pXq be the set of all closed subsets of X. We give this set a topology by
considering a subbasis consisting, for U, V Ď X clopen sets:

rU s “ tC P V pXq : C Ď Uu and xV y “ tC P V pXq : C X V ‰ Hu.

This is sometimes called the “hit-and-miss topology”, and the resulting space is called the Vietoris hyperspace.
On this space we define an order relation C ĺ D if and ony if1 D Ď C. Then we have the following:

Lemma 6. The space pV pXq,ĺq is a Priestley space.

Proof. The fact that V pXq is compact is a standard fact (see e.g. [14]), but we prove it here for completeness.
assume that V pXq “

Ť

iPI rUis Y
Ť

jPJxVjy is a cover by clopen sets. Now consider C “ X ´
Ť

iPI Vi. If C is
empty, then the sets Vi cover X and so finitely many of them cover X, say Vi0 , ..., Vin . Then if A P V pXq,
then A is non-empty and so contains some x which must lie in some Vik for k P t1, ..., nu, and so A P xViky.
So the sets txViky : k P t1, ..., nuu form a finite subcover.

Otherwise, we have that C ‰ H, so C P V pXq, and since C R xVjy for each i, by definition C P rUis for
some i. Since X ´

Ť

iPI Vi Ď Ui then X ´ Ui Ď
Ť

iPI Vi, so by compactness, X ´ Ui Ď Vi0 Y ...Y Vin . Hence
consider the finite subcover trUisu Y txVij y : j P t1, ..., nuu. If D is any closed set, and D Ď Ui, then we are
done; otherwise, D XX ´ Ui ‰ H, so D X Vi0 Y ...Y Vin ‰ H, from whence the result follows.

Now we prove the Priestley Separation axiom. Assume that C ł D are closed subsets. Since the space
X is a Stone space, we know that C “

Ş

iPI Vi and D “
Ş

jPJ Wj where Vi,Wj are clopen. Hence there
must be some i such that C Ď Vi and D Ę Vi; i.e., C P rVis and D R rVis. Since rVis is clearly a clopen upset
under this order, we verify the Priestley separation axiom. ■

3 Free Constructions of Heyting Algebras over Distributive Lat-
tices

In this section we explain how one can construct a Heyting algebra freely from any given distributive lattice.
This construction generalises the case of Heyting algebras freely generated by finite distributive lattices, as
originally analyzed by Ghilardi [16]. The key tools at hand will be the Priestley/Esakia duality of distributive
lattices.

3.1 Conceptual Idea of the Construction

Before diving into the details, we will provide an informal explanation of the construction by Ghilardi which
justifies the technical developments, following the core of the discussion from [7]. We urge the reader to
consult this section for intuition whilst going through the details of the next section.

Suppose that D is a finite distributive lattice, and that we wish to construct a Heyting algebra from D.
Then first we must (1) freely add to D implications of the form aÑ b for a, b P D. This is the same as freely
generating a distributive lattice out of D2, and considering its coproduct with D. Dually, if X is the dual
poset to D, this will then be the same as considering

X ˆ PpX ˆXq,
1The reason this order is reverse inclusion has to with the choice to use upsets rather than downsets; in [16], the author uses

downsets, which is why the swap no reversion is needed.
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given that the free distributive lattice on a set of pairs of generators X will be dual to PpXˆXq (see Section
2). However, we need (2) to impose axioms forcing these implications to act like relative pseudocomplements.
A first move is to impose the axiom of a Weak Heyting Algebra:

1. aÑ a “ 1;

2. pa_ bq Ñ c “ aÑ c^ bÑ c;

3. aÑ pb^ cq “ aÑ b^ aÑ c;

4. aÑ b^ bÑ c ď aÑ c.

Applying a quotient under these axioms, will dually yield (see [7, Theorem 3.5]),

PpXq,

Now, reformulating this slightly, one can see that the upsets of PpXq are of the form

rU s “ tC Ď X : C Ď Uu

for U a subset of X. This then provides an expansion of our lattice, since we can consider the map:

i0 : D Ñ UppPpXqq
a ÞÑ rφpaqs,

which is easily seen to be injective, and a meet-homomorphism preserving the bounds.
The fact that we want to obtain a genuine relative pseudocomplement, means we need to impose further

axioms, which implies throwing out some of the elements from PpXq. The additional fact that we would
want the map i0 to be a distributive lattice homomorphism suggests a way of doing this: make it so that for
each pair of upsets U, V , rU s Y rV s “ rU Y V s. After some thought one can then be lead to consider rooted
subsets of X, obtaining the set PrpXq. Some verifications show that this will indeed be the poset that is
needed: that

i0 : D Ñ UppPrpXqq

will be a distributive lattice embedding as desired, and that it will contain relative pseudocomplements for
the elements from D, namely, for a, b P D, the element rlp´φpaq Y φpbqqs.

Now at this point we will have added all implications to elements a, b P D, obtaining a distributive lattice
D1, but all the new implications added might not in turn have implications between themselves. So we
need to (3) iterate the construction, infinitely often, to add all necessary implications. However, the final
complication is that each step of this construction adds implications to every element in the previous lattice.
So in particular, D2 will contain a fresh relative pseudocomplement, ras Ñ rbs. If we let the construction run
infinitely often in this way, it could be that in the end no element would be the relative pseudocomplement of
a and b, so we need to ensure that on the second iteration, the previously added relative pseudocomplements
are preserved, i.e.:

i1pi0paq Ñ i0pbqq “ i1pi0paqq Ñ i1pi0pbqq

In other words, we need the map i1 to preserve the relative pseudocomplements of the form i0paq Ñ i0pbq.
It is this need which justifies the notion of a g-open subset detailed below, and leads to us considering, at
last, as our one step construction, the poset

PgpXq

as will be explained in the next section, where g is some order-preserving map which serves to index the
relative pseudocomplements which are to be preserved.

With this in mind, we turn in the next section to the technical details involved in this generalization.
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3.2 G-Open Subsets and Vietoris Functors

We begin by adapting the notion of g-openness to our setting. Let X,Y be two Priestley spaces. We recall
that a Priestley morphism f : X Ñ Y is an order-preserving and continuous map. By Priestley duality, such
maps are dual to distributive lattice homomorphisms f´1 : ClopUppY q Ñ ClopUppXq.

Definition 7. Let X,Y, Z be Priestley spaces, and f : X Ñ Y and g : Y Ñ Z be Priestley morphisms. We
say that f is open relative to g (g-open for short) if f´1 preserves relative pseudocomplements of the kind
g´1rU s Ñ g´1rV s where U, V P ClopUppZq.

The following is a condition equivalent to being g-open, expressed purely in terms of the order:

@a P X,@b P Y, pfpaq ď b ùñ Da1 P X, pa ď a1 & gpfpa1qq “ gpbqq. (*)

Lemma 8. Given f : X Ñ Y and g : Y Ñ Z, we have that f is g-open if and only if f satisfies condition
(*).

Proof. Asssume that f satisfies (*). We want to show that f´1rg´1rU s Ñ g´1rV ss “ f´1g´1rU s Ñ
f´1g´1rV s. Note that the left to right inclusion always holds because f is a Priestley morphism. So
assume that x P f´1g´1rU s Ñ f´1g´1rV s. Suppose that fpxq ď y, and y P g´1rU s. By assumption, there
is some x1 such that x ď x1 and gpfpx1qq “ gpyq; hence fpx1q P g´1rU s, so by assumption, x1 P f´1g´1rU s,
and so, x1 P f´1g´1rV s. This means that fpx1q P g´1rV s, so y P g´1rV s. This shows what we want.

Now assume that p “ f´1 is g-open, and q “ g´1. Assume that fpxq ď y where x P X and y P Y .
By duality, and abusing notation, this means that p´1rxs Ď y. Consider Filpx, tppqpaqq : qpaq P yuq and
Idptppqpbqq : qpbq R yuq. We claim these do not intersect. Because otherwise, for some c P x, c ^ ppqpaqq ď
ppqpbqq. Hence c ď ppqpaqq Ñ ppqpbqq, since these exist and are preserved by p, and so c ď ppqpaq Ñ qpbqq.
So ppqpaq Ñ qpbqq P x. Hence qpaq Ñ qpbq P p´1rxs, and so qpaq Ñ qpbq P y, a contradiction. Hence by the
Prime filter theorem (see Theorem 3), we can extend x to a filter x1 which does not intersect the presented
ideal. By definition, working up to natural isomorphism, we then have that gpfpx1qq “ gpyq, which was to
show. ■

Now given g : X Ñ Y a Priestley morphism, and S Ď X a closed subset, we say that S is g-open
(understood as a poset with the restricted partial order relation) if the inclusion is itself g-open. This means
by the above lemma that S is g-open if the following condition holds:

@s P S,@b P Xps ď b ùñ Ds1 P Sps ď s1 & gps1q “ gpbqq.

Following Ghilardi, this can be thought of as follows: if we think of X as represented by fibers coming
from g, then whenever Òs meets an element of any fiber, then Òs X S must actually contain an element of
that fiber. With this intuition, it is not difficult to show that if x is arbitrary and S is g-open, then S X Òx
is g-open as well.

At this stage we would like to point out to the reader that the fact that we pick a given unique g is totally
incidental; in fact, whilst the results of this section will be proved for a single g, one could take any number
of continuous morphisms and obtain the same results. We will not pursue such considerations further in this
paper, however.

Throughout, fix g : X Ñ Y a continuous and order-preserving map (the case for several such maps
being preserved is entirely similar). Recall from Subsection 2.2 that pV pXq,ĺq is a Priestley space. From
this space we can move closer to the space we will be interested, by first considering VrpXq Ď V pXq, the
space of rooted closed subsets, with the induced order and the subspace topology. On this we can prove the
following2:

Lemma 9. The space pVrpXq,ĺq is a Priestley space.

2This is stated without proof in [8, Lemma 6.1]. The key idea of the proof below was communicated to me by Mamuka
Jibladze, to whom I am greatly indebted.
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Proof. It suffices to show that VrpXq is closed. For that purpose, consider the following two subsets of
V pXq ˆX:

LBpXq “ tpC, rq : C Ď Òru and QX“ tpC, rq : r P Cu.

We note that QX is closed, since it is the pullback of the continuous map tu : X Ñ V pXq along the second
projection of ďĎ V pXq ˆ V pXq (which is a closed relation, since V pXq is Priestley by Lemma 6). On the
other hand, LBpXq can also be seen to be closed, through a direct argument: suppose that pC, rq R LBpXq.
By definition, then, C Ę Òr, so there is a point y P C such that r ę y. By the Priestley separation axiom,
there is a clopen upset U such that r P U and y R U . So consider

S “ xX ´ Uy ˆ U.

This is clearly an open subset of V pXq ˆX, and pC, rq belongs there by hypothesis. But also, if pD, kq P S,
then D ´ U ‰ H, so there is some point m R U ; but since U is an upset, then we must have k ę m, i.e.,
pD, kq R LBpXq. This shows that LBpXq is closed.

Now note that
VrpXq “ πV pXqrLBpXqX QV pXqs.

Since π is a closed map (given it is a continuous surjection between Stone spaces), we then have that
VrpXq is a closed subspace of V pXq, as desired. ■

Finally, we will now refine the rooted subsets to the ones we are truly interested in – the g-open ones.
The following lemma encapsulates the key fact about this.

Lemma 10. Assume that g : X Ñ Y is an order-preserving and continuous map, and that X has relative
pseudocomplements of sets of the form g´1rU s. Then the subspace VgpXq Ď VrpXq is a closed subspace, and
hence is a Priestley space as well with the induced order.

Proof. Assume thatM is not g-open. This means that if x is the root ofM , there is some y such that x ď y,
but for each k PM , gpkq ‰ gpyq. Hence gpyq R grM s, and hence tgpyquX grM s “ H. Since g is a continuous
map between Stone spaces, grM s is closed; hence, since this is a Priestley space, there is a clopen set of the
form ´UiYVi for Ui, Vi clopen upsets, such that grM s Ď ´UiYVi, and gpyq R ´UiYVi. Then we have that
M Ď g´1r´Uis Y g

´1rVis and M X Ópg´1rUis ´ g
´1rVisq ‰ H. Hence consider

S “ rg´1r´Uis Y g
´1rViss X xÓpg

´1rUis ´ g
´1rVisqy.

Because X has relative pseudocomplements of sets of the form g´1rU s, by Proposition 4 we have that
Ópg´1rUis ´ g

´1rVisq will be clopen in X. Hence the set S is an intersection of subbasic sets. Moreover, M
belongs there. Now if N belongs there, then first N Ď g´1r´Ui Y Vis; and also, by downwards closure, its
root k will be below some point y1 in g´1rUis ´ g

´1rVis. But then for each m P N , gpmq ‰ gpkq, so N is not
g-open.

This shows that there is an open neighbourhood of M entirely contained outside of VgpXq, i.e., that the
set of g-open subsets is a closed subspace. ■

We note that the hypothesis of the previous lemma – that X will have relative pseudocomplements of
the form g´1rU s Ñ g´1rV s – will always be satisfied in our contexts: this is how we think of g a way to
parametrise those pseudocomplements which we wish to preserve.

Lemma 11. The map rg : VgpXq Ñ X which sends a rooted, closed g-open subset to its root, is a continuous,
order-preserving and surjective g-open map.

Proof. Simply note that if U is a clopen upset, r´1
g rU s “ tM : M Ď Uu “ rU s, and r´1

g rX ´ U s “ tM :
M XX ´ U ‰ Hu “ xX ´ Uy. The order-preservation is down to the order being reverse inclusion, and the
surjectivity follows because, for each x P X, Òx will always be g-open.

Moreover, note that rg will be g-open: if rgpCq ď y, then m P C is such that m ď y; so because C is
g-open, there is some m1 such that m ď m1 and gpm1q “ gpyq. But then C 1 :“ Òm1 X C is such that C ĺ C 1

and gprgpC
1qq “ gpyq, as desired. ■
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3.3 Free Heyting Algebras from Distributive Lattices

We will now put the tools developed in the previous section to use.

Definition 12. Let g : X Ñ Y be a Priestley morphism. The g-Vietoris complex over X pV g
‚ pXq,ď‚q, is a

sequence
pV0pXq, V1pXq, ..., VnpXq, ...q

connected by morphisms ri : Vi`1pXq Ñ VipXq such that:

1. V0pXq “ X;

2. r0 “ g

3. For i ě 0, Vi`1pXq :“ VripVipXqq;

4. ri`1 “ rri : Vi`1pXq Ñ VipXq is the root map.

Note that given a g-Vietoris complex, one can form the projective limit of the sequence, which, since
Priestley spaces are closed under such a construction, will again be a Priestley space. We denote this limit
by V g

GpXq (the G standing for “Ghilardi”).
The purpose of such a construction lies in the universal property which is carried out over any one step,

which we proceed to outline:

Lemma 13. Let g : X Ñ Y be a continuous, order-preserving map. Then the pair xClopUppVgpXqq, r
´1
g y

has the following universal property: suppose we are given any other pair

xD,µ : ClopUppXq Ñ Dy

such that

1. D is a distributive lattice containing relative pseudocomplements of the kind µpC1q Ñ µpC2q for
C1, C2 P ClopUppXq.

2. µpg´1rD1s Ñ g´1rD2sq “ µpg´1rD1sq Ñ µpg´1rD2sq for all D1, D2 P ClopUppY q.

Then there exists a unique lattice homomorphism µ1 : ClopUppVgpXqq Ñ D such that the triangle in Figure
1 commutes, and such that µ1pr´1rC1s Ñ r´1rC2sq “ µpC1q Ñ µpC2q “ µ1pr´1rC1sq Ñ µ1pr´1rC2sq for all
C1, C2 P ClopUppXq.

ClopUppXq

ClopUppVgpXqq D

µr´1
g

µ1

Figure 1: Commuting Triangle of Distributive Lattices

The proof of this lemma is given by first realising what is the appropriate dual statement.

Lemma 14. The property of Lemma 13 is equivalent to the following: given a Priestley space Z with a
g-open continuous and order-preserving map h : Z Ñ X, there exists a unique rg-open, continuous and
order-preserving map h1 such that the triangle in Figure 2 commutes.

Proof. This follows immediately from Lemma 8 by dualising the statements. ■
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Z VgpXq

X

h

h1

r

Figure 2: Commuting Triangle of Priestley spaces

Proof. (Of Lemma 13) We show the property from Lemma 14. Given Z,X Priestley spaces as given, the
definition of h1 is totally forced by the commutativity of the triangle. Indeed, given a P Z, let

h1paq “ thpbq : a ď bu.

Note that h1paq “ hrÒas, and since h is continuous between Stone spaces, and hence a closed map, h1 maps
a to a closed subset; it is of course also rooted. And it is g-open as a subset, because h is g-open as a map.
Clearly rgph

1paqq “ hpaq. It is continuous, since ph1q´1rr´U Y V ss “ ta : h1paq P r´U Y V su, and this is the
same as saying that Òa Ď h´1r´U s Y h´1rV s. Now since Z has relative pseudocomplements of these sets,
then lp´U Y V q exists, and indeed

ta : Òa Ď h´1r´U s Y h´1rV su “ ta : a P lph´1r´U s Y h´1rV squ “ lph´1r´U s Y h´1rV sq.

This shows continuity. It is also of course order-preserving, since if a ď b, then Òb Ď Òa, so hrÒbs Ď hrÒas,
i.e., h1paq ď h1pbq. Finally it is also rg-open: if a P Z, and h1paq ď M where M P VgpXq, then M Ď h1paq,
so if z is the root of M , then z “ hpcq, where a ď c. Then rph1pcqq “ rpMq, as desired. The uniqueness is
enforced by the shape of the diagram. ■

All of this allows us to prove the following key theorem:

Theorem 15. Let A be a Heyting algebra, let D be a distributive lattice, and let p : AÑ D be a distributive
lattice homomorphism which preserves the relative pseudocomplements from A (such that D contains them).
Let H be the dual of V p

GpXq. Then H is the Heyting algebra freely generated by D which preserves the relative
pseudocomplements coming from p.

Proof. By Proposition 5 we have that H is the directed union of the algebras HnpDq, which are the duals of
VnpXq. First we note that H is a Heyting algebra when induced with the obvious relative pseudocomplement
operation: given a, b P H, we can find them together at a given stage n, and hence at stage n ` 1, they
will have a relative pseudocomplement, which is henceforth preserved – hence the natural definition of the
Heyting implication is well-defined.

The freeness amounts to proving that given any Heyting algebra M such that k : D Ñ M is a map
preserving the relative pseudocomplements coming from A, there is a unique lifting of k to H to M. By
Lemma 13, we have that for each n there will be a unique map from HnpAq to M, qn : HnpDq ÑM which
makes the colimit diagram commute, and which preserves the right relative pseudocomplements. So by the
universal property, there will be a map

q : HÑM,

which lifts all of these maps. Note that then q is not only a distributive lattice homomorphism, but indeed
a Heyting homomomorphism: if a, b P H, we find HnpDq in which they both belong, and note that

qpaÑ bq “ qnpaÑ bq “ qnpaq Ñ qnpbq “ qpaq Ñ qpbq,

taking all these equalities modulo the respective equivalence classes. Moreover, such a map is unique given
the uniqueness of each of qn and the uniqueness of the colimit map q. Hence this proves that H has the
desired universal property. ■
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For the sequel, let us fix a piece of notation: given a Heyting algebra A, a distributive lattice D, and
a map p : Ai Ñ D preserving the relative pseudocomplements from A, we let HpD, pq be the free Heyting
algebra generated as above. When A “ 2 we often omit p, since the morphism is unique. We now proceed
to prove that additionally, this construction is functorial.

Proposition 16. Let f : D Ñ D1 be a distributive lattice homomorphism, A a Heyting algebra, and let
g : A Ñ D and g1 : A Ñ D be two distributive lattice homomorphisms such that g1f “ g and f is g-open.
Then there is a unique Heyting algebra homomorphism f̂ : HpD, gq Ñ HpD1, g1q extending f , and moreover,
this assignment is functorial.

Proof. Note that f : D Ñ D1 is a distributive lattice homomorphism, and by composing it with the inclusion
i : D1 Ñ HpD1q where i1 “ prg1q´1, we obtain a distributive lattice homomorphism if into a lattice possesing
relative pseudocomplements of the kind ifpaq Ñ ifpbq for a, b P D (since these will exist freely by construction
of HpDq), and

i1fpgpaq Ñ gpbqq “ i1pfgpaq Ñ fgpbqq “ i1pg1paq Ñ g1pbqq “ i1g1paq Ñ i1g1pbq “ i1fgpaq Ñ i1fgpbq,

where the first equality follows from f being g-open; the second from the commutativity of the diagram; the
third from i1 being g1-open, and the last again by commutativity of the diagram. Then by Lemma 13, we
have a unique map f1 : ClopUppVgpXqq Ñ ClopUppVg1pXqq. such that fi1 “ f1i, where i “ prgq

´1, which is
additionally i-open. This process can naturally be iterated to create an infinite chain of distributive lattice
homomorphisms as depicted in Figure 3.

A

D D1

HpDq HpD1q

H2pDq H2pD1q

...
...

g g1

f

i i1

f1

i2 pi1
q
2

f2

Figure 3: Infinite chain of liftings

Due to the properties of the colimits, this means that there is a map f8 : HpD, gq Ñ HpD1, g1q, which
agrees with fn on each restriction. This is certainly a distributive lattice homomorphism, but we claim that
it is also a Heyting algebra homomorphism. To see this, note that if a, b P HpD, gq, then a, b P HnpDq for
some n; then

f8paÑ bq “ fn`1paÑ bq “ fn`1paq Ñ fn`1pbq “ f8paq Ñ f8pbq,

which shows the desired result. ■

As the reader might have guessed, the previous construction is always the left adjoint to a suitable
inclusion of categories. We will now formally elaborate on this. Namely, given a Heyting algebra A, consider
the categoryA{DLat, which objects are pairs pD, pq of a distributive lattice and a relative pseudocomplement
preserving homomorphism p : A Ñ D, and where the morphisms are distributive lattice homomorphisms
making the obvious triangle commute; this is a supercategory of the category A{Heyt, where all objects
and morphisms are Heyting. Denote by G : A{Heyt Ñ A{DLat the inclusion functor. Then we have the
following:
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Theorem 17. Given A a Heyting algebra, the functor HApAq : A{DLat Ñ A{Heyt is the left adjoint to
G.

By duality, we obtain, in the special case where A “ 2, the following:

Theorem 18. The functor VG : PriÑ Esa is right adjoint to the inclusion I : EsaÑ Pri. By duality, the
functor V ˚

G : DLÑ HA is left adjoint to the forgetful functor I : HAÑ DL.

4 Some Applications to the theory of Heyting Algebras

4.1 Free Heyting Algebras on an arbitrary number of Generators and Tree
Representations

As a first application of Theorem 15, we show how to obtain a description of the free Heyting algebra on
any number of generators. Let X be an arbitrary set, and recall Definition 1.

Theorem 19. The algebra HpDpXqq is the free Heyting algebra on X many generators.

Proof. It suffices to verify the universal property. Suppose that k : X ÑM is a map to a Heyting algebra
M. By the universal property of free distributive lattices, there is then a unique lift to a distributive lattice
homomorphism k̃ : DpXq ÑM. In turn, by Theorem 15, there is a unique homomorphism k2 : HpDpXqq Ñ
M which preserves the relative pseudocomplements coming from 2; but since every distributive lattice
homomorphism preserves such relative pseudocomplements (since they amount to preserving the bounds),
this shows that HpDpXqq is indeed the free Heyting algebra on X generators. ■

As is discussed [16], in specific cases, it might be useful to have a representation of our construction
that is slightly more concrete. We will exemplify this with the case at hand: consider VGp2

Xq, the dual of
HpDpXqq. Then its elements are of the form:

pC0, C1, ...q

where C0 is an element from 2X , and hence, a subset of X; C1 is a closed collection of such subsets; and
so on. We can visualise such elements in the form of trees: to each Cn`1 we associate a labelling function,
taking values in 2X , and which is defined as:

1. ψpC0q “ xC0,Hy;

2. ψpCn`1q “ xr0 ¨ ... ¨ rnpCn`1q, tψpBnquBnPCn`1y.

As such, the elements we see in the projective limit appear as the “leftmost branch” of such a tree, which
we can think of as the limiting result of building such a tree iteratively. In this case, such elements provide
tree-models over the set X, with each label consisting of some subset of the propositions which happens to
not be true at that world (which again follows from the reverse inclusion).

4.2 Coproducts of Heyting Algebras

As a further application, we can provide an explicit description of the coproduct of two Heyting algebras.
This follows generally from the fact that left adjoints preserve all colimits; nevertheless we give an explicit
proof which highlights the key properties used.

Theorem 20. Let A,B be two Heyting algebras. Let A ‘ B be the tensor sum of A,B (i.e., the dual of
XA ˆXB, the product of the Priestley spaces). Then HpA‘ Bq is the coproduct of A,B.
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Proof. We verify the universal property. Assume that k1 : A Ñ H and k2 : B Ñ H are Heyting algebra
homomorphisms. Dually, this means that r1 : XH Ñ XA and r2 : XH Ñ XB are p-morphisms. Because
XA ˆ XB is the Priestley product, we get a universal, unique map v : XH Ñ XA ˆ XB . Note that v is
p-open for p the terminal map. Hence by Theorem 15, there is a unique Heyting algebra homomorphism
k : HpA ‘ Bq Ñ H. Because of the uniqueness of all constructions involved, it is then easy to see that
any other homomorphism in these conditions would need to coincide with v1, showing that HpA‘Bq is the
coproduct, as desired. ■

The reader will observe that, in line with our comments, the former is not limited to binary products,
which means that we can provide an explicit description of arbitrary products of Esakia spaces as well. More
interestingly, having such an explicit description of the coproduct allows us to prove some purely categorical
properties of the category of Heyting algebras:

Theorem 21. The category of Heyting algebras is co-distributive, i.e., A
š

pB ˆCq – pA
š

Bq ˆ pA
š

Cq.

Proof. Note that dually, pA
š

Bq ˆ pA
š

Cq will be the disjoint union of XA
š

B and XA
š

C . We will then
show that the dual of A

š

pB ˆ Cq is isomorphic to this space as well.
Indeed, consider A and BˆC. Note that XAˆpXB`XCq, understood as a Priestley space, is isomorphic

to pXA ˆXBq ` pXA ˆXCq. Moreover, note that essentially because the union is disjoint, letting p be the
map to the one element poset:

VpppXA ˆXBq ` pXA ˆXCqq – VppXA ˆXBq ` VppXA ˆXCq.

Indeed, since the subsets are rooted, they must lie entirely in one disjoint factor or the other. Moreover,
note that the root map likewise factors appropriately.

Hence the projective limit VGpXA ˆ pXB `XCqq will be isomorphic to

lim
ÐÝ
nPω

VnpXA ˆXBq ` VnpXA ˆXCq.

Hence we show that

lim
ÐÝ
nPω

VnpXA ˆXBq ` VnpXA ˆXCq – plimÐÝ
nPω

VnpXA ˆXBqq ` plimÐÝ
nPω

VnpXA ˆXCq.

To see this, note that if x belongs to the first set, and xpnq P VnpXA ˆXBq, then since xpn ` 1q must
have its root in this set, xpn` 1q P Vn`1pXA ˆXBq; this means that x P lim

ÐÝnPω
VnpXA ˆXBq. Conversely,

if x belongs to one of the two sets, then certainly it belongs to the projective limit of the disjoint unions.
It is thus not difficult to see that this is in an isomorphism. But this means that the dual of A

š

pB ˆ Cq
is isomorphic to the disjoint union of the dual of A

š

B and the dual of A
š

C, which is exactly what we
wanted to prove. ■

4.3 Pushouts and Co-Amalgamation

Making use of the explicit description of the product given before, we can likewise provide, dually, a descrip-
tion of the pullback of two Esakia spaces.

Theorem 22. Let X,Y, Z be Esakia spaces, and let f : X Ñ Z and g : Y Ñ Z be two p-morphisms. Let
X ˆZ Y be the pullback in the category of Priestley spaces. Then the pullback of this diagram consists of

X bZ Y :“ VGpX ˆZ Y q

Using this pullback we can obtain an explicit proof of the amalgamation property for Heyting algebras,
which is “constructive” in the sense that it is brought about by categorical, rather than model-theoretic or
logical, considerations.
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Theorem 23. The variety of Heyting algebras has the amalgamation property.

Proof. Dually, this amounts to showing that whenever we have a cospan diagram f : X Ñ Z and g : Y Ñ Z,
where both f and g are surjective, then there is some W which is a cone for this diagram, and where the
maps to X and Y are again surjective. Note that forming the pullback in the category of Priestley spaces,
the projection maps

X
πX
ÐÝÝ X ˆZ Y

πY
ÝÝÑ Y

are surjective, since for each x P X, fpxq “ gpyq for some y P Y , by surjectivity of g, and vice-versa.
Certainly then the unique lifting from VGpX ˆZ Y q to the projections will likewise be surjective, and both
will be p-morphisms, showing that amalgamation holds. ■

5 Subvarieties of Heyting algebras

The construction just outlined can also be adapted to handle other varieties of Heyting algebras. In this
section we illustrate this by providing analogous free constructions of KC-algebras and LC-algebras; we leave
a detailed analysis of the full scope of the method for future work.

KC-algebras are Heyting algebras axiomatised with an additional axiom

␣p_␣␣p;

they are also sometimes called WLEM-algebras (For Weak Excluded Middle), DeMorgan Algebras, amongst
several other names. They appear importantly in settings like Topos Theory (see e.g. [10]). In turn,
LC-algebras are Heyting algebras axiomatised by

pÑ q _ q Ñ p;

they are sometimes called “Gödel algebras” or “Gödel-Dummett algebras” as well as “prelinear Heyting
algebras” (the latter is due to the fact that the subdirectly irreducible elements in such a variety are chains).

5.1 KC-algebras

In order to generalise our construction to KC, we will need first the notion of a KC-distributive lattice. A
dual perspective can illustrate what these should be: they should be the Priestley spaces which sit on a
directed poset, precisely the distributive lattices over which the structure of a KC-algebra can be built; as it
happens, this admits a simple dual description:

Definition 24. Let pX,ďq be a Priestley space. Let R “ pď Y ď"q˚.We say that a subset C is order-
connected if for each x, y P C, we have xRy. We say that C is an order-component if it is a maximal
order-connected subset.

Proposition 25. Let X be a Priestley space. Then the following are equivalent:

1. X is directed as a poset;

2. If C Ď X is an order-component, then C has a unique maximal element.

Proof. It is clear, since each poset can be decomposed into its order-components, that if each order-component
has a unique maximal element, then it is directed. Now assume that pX,ďq is directed. First, note that
order-components are closed subsets: if x R C, then pick a clopen upset containing x, and this will provide
an open neighbourhood separate from C. So by the theory of Priestley spaces, maxpCq ‰ H. Now if
x, y P maxpCq, and they are different, since C is an order component, then there must be some point z such
that z ď x and z ď y – which contradicts directedness. Hence we have the result. ■
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We will use the above lemma freely, and refer to Priestley spaces in these conditions simply as “directed”.
Let us first outline our construction in algebraic terms. Given an appropriate distributive lattice D,

consider the complex:
pD, HpDq, H2pDq, ...,HnpDqq.

where we denote, as usual, the inclusions as ii,j . In order to generate a KC algebra, we need to quotient this
complex at appropriate steps. Namely, we need to replace H2pDq by the following:

KCpDq “ H2pDq{tp␣␣i0,2paq _ ␣i0,2paq,Jq : a P Du.

We then construct the alternative complex:

pD, HpDq,KCpHpDqq,K2
CpHpDqq, ...q.

Note that the limit of this construction will certainly be a Heyting algebra, and indeed, it will be a KC-
algebra: for any choice a of value for p, there is a step where ␣␣a_␣a is made equivalent to J. Hence the
question lies whether such a construction is still universal.

For that purpose we will find a dual meaning to forming the above quotient.

Definition 26. Let g : X Ñ Y be a continuous and order-preserving map. Let C P Vrg pVgpXqq be an
element of the second stage of the g-Vietoris complex over X. We say that C is well-directed if whenever
D,D1 P C, we have that ÒD X ÓD1 ‰ H. We write Vg,dpVgpXqq for the subset of Vrg pVgpXqq consisting of
the well-directed elements.

The motivation for this definition is the following:

Proposition 27. Let g : X Ñ Y be a continuous and order-preserving function, and let D “ X˚. Then:

KCpHpDqq˚ – Vg,KpVgpXqq

Proof. By duality, we know that KCpHpDqq˚ is obtained by considering all elements of Vrg pVgpXqq which
satisfy the added axioms. Then we will show that for each such C, C , ␣␣rU s _ ␣rU s if and only if C is
well-directed.

To see this, note that, formally, if C . ␣␣rU s _ ␣rU s for some clopen upset U Ď X; this means that
C R r´r´U ssYrr´U ss. In other words, there is some D P C such that D R ´r´U s, and some D1 R r´U s. The
former means that D Ď ´U , and the later means that D1 X U ‰ H. Let x P D1 X U . Then D2 “ ÒxXD is
such that D1 ď D2, and so because C is rg-open, there is some E P C such that D1 ď E and rgpD

2q “ rgpEq,
i.e., x is the root of E. Since U is a clopen upset, E Ď U , and D Ď ´U , so certainly

E X U “ H.

This shows that C is not well-directed.
Conversely, assume that C is not well-directed. Let D,D1 P C be such that ÒD X ÓD1 “ H. Using the

properties of Priestley spaces, namely Strong Zero-Dimensionality, we can then find a clopen upset U such
that D Ď U and D1 Ď ´U ; but this means precisely that C . ␣␣rU s _ ␣rU s by the arguments above. ■

Proposition 27 shows that the construction Vg,K indeed yields a Priestley space, and so, that we can
proceed inductively. In order to conclude our results, we will need to show, however, that this construction
is free amongst the directed Priestley spaces. This amounts to showing the following:

Lemma 28. Let Z be a directed Priestley space, and let h : Z Ñ X be a g-open, continuous and order-
preserving map. Let h˚ : Z Ñ VgpXq be the canonical map yielded by Lemma 13. Then the unique rr-open,
continuous and order-preserving map h1 making the obvious triangle commute factors through Vg,KpVgpXqq.
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Proof. Similar to Lemma 13 we have that the definition of h˚˚ is entirely forced. All that we need to do is
verify that given x P Z, h˚˚ is well-directed.

For that purpose, note that
h˚˚pxq “ h˚rÒxs “ th˚pyq : x ď yu

Now assume that x ď y and x ď y1. Because Z is directed, there is some z such that y ď z and y1 ď z. Then
note that

h˚pzq Ď h˚pyq X h˚py1q,

since if z ď m, then y ď m and y1 ď m, so hpmq P h˚pyq X h˚py1q. This shows that h˚˚pxq is well-directed,
as desired. ■

Denote by VGKpXq the projective limit of the complex as before. Then using these constructions we
obtain:

Theorem 29. Let A be a Heyting algebra, let D be a distributive lattice, and let p : AÑ D be a distributive
lattice homomorphism which preserves the relative pseudocomplements from A (such that D contains them).
Let K be the dual of VGKpXq. Then K is the KC-algebra freely generated by D which preserves the relative
pseudocomplements coming from p.

Proof. By our earlier remarks, we have that K is the directed union of Heyting algebras, and must satisfy
the Weak Excluded Middle. To show freeness, suppose that M is a KC algebra and k : D Ñ M is a map
preserving the relative pseudocomplements coming from A. Then using Lemma 28 systematically, we see
that M will factor through Kn

CpHpDqq for every n, and hence, a fortriori, through the limit. This shows the
result. ■

Note that the above construction is not guaranteed to provide an extension of the algebra D – it might
be that some elements are identified by the first quotient. However, it is not difficult to show that if D is a
KC-distributive lattice, then it embeds into KpDq (by showing, for instance, that the composition with the
root maps to D is always surjective). We also note that one could at this point show several of the same
facts we did for Heyting algebras for KC-algebras.

5.2 LC-Algebras

We now consider the case of LC algebras. As is well-known, such a variety is locally finite. As such it will
be interesting to both study the general construction and to outline how this might look when the starting
algebras are finite.

First, let us say that a Priestley space X is prelinear if for each x P X, Òx is a linear order.

Definition 30. Let g : X Ñ Y be a Priestley morphism. We say that C P VgpXq is a linearised closed,
rooted and g-open subset, if C is a chain. Denote by Vg,LpXq the set of linearised closed, rooted and g-open
subsets.

As before, we define

LCpDq “ HpDq{tpi0,1paq Ñ i0,1pbq _ i0,1pbq Ñ i0,1paq,Jq : a, b P Du

And we cosntruct the following complex:

pD, LCpDq, L2
CpDq, ...q

Proposition 31. Let g : X Ñ Y be a continuous and order-preserving function, and let D “ X˚. Then:

LCpDq˚ – Vg,LpXq
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Proof. Assume that U, V are clopen subsets of X, and C . rU s Ñ rV s_ rV s Ñ rU s. This amounts to saying
that

C Ę ´U Y V and C Ę ´V Y U.

In other words, x P C and x P U ´ V and y P C and y P V ´ U . Since these sets are clopen subsets, this
means that x ę y and y ę x.

Conversely, assume that C is not linearised. Since x ę y, there is some clopen upset U such that x P U
and y R U , and since y ę x, there is some clopen upset V such that y P V and x R V . These two subsets
then witness that C . rU s Ñ rV s _ rV s Ñ rU s. ■

We now prove, again, an analogue to Lemma 13:

Lemma 32. Let Z be a prelinear Priestley space, and let h : Z Ñ X be a g-open, continuous and order-
preserving map. Then the unique rg-open, continuous and order-preserving map h1 making the obvious
triangle commute factors through Vg,LpXq.

Proof. Simply note that since Z is prelinear, we have that hrÒxs is linear, given that Òx is as well. ■

Denote by V 8
g,LpXq the projective limit under the above complex. Then in the same way as before, we

can prove:

Theorem 33. Let A be a Heyting algebra, let D be a distributive lattice, and let p : AÑ D be a distributive
lattice homomorphism which preserves the relative pseudocomplements from A (such that D contains them).
Let K be the dual of V 8

g,LpXq. Then L is the LC-algebra freely generated by D which preserves the relative
pseudocomplements coming from p.

The following is within the scope of the methods of Ghilardi, using our modifications at hand for the
case of LC. We found it in the context of analysing the infinite case, though a simpler finite combinatorial
proof is presented here.

Consider a finite poset P . Because of local finiteness, we know that V 8pP q – V npP q must hold for some
finite n (otherwise the construction would add infinitely many new points). It is thus natural to wonder
whether this construction can stabilise in a single step, i.e., whether after a single application of VLpXq the
result will be the final result. Even for very simple posets it becomes apparent that this is not the case.
However, surprisingly, two iterations seem to be enough.

Lemma 34. Let C,D P V 2
L pXq, and assume that V 2

L pXq is prelinear. Suppose that rpCq “ rpDq and that
C and D are comparable. Then C “ D.

Proof. Assume that C ę D, without loss of generality. By assumption, then D ă C. Let M P D such that
M R C. Hence we may assume that M ‰ rpCq “ rpDq. Consider T “ ÒM XD. Then D ď T . Then there
are two cases:

1. If T ď C, then rpCq P T , a contradiction to the fact that rpCq ăM .

2. If C ď T , then M P C, a contradiction to the assumption.

In both cases we find a contradiction, and hence conclude that C “ D. ■

Proposition 35. Let X be a finite poset. Assume that V 2
L pXq is prelinear. Then V

3
L pXq – V 2

L pXq.

Proof. We prove that the only rooted linearised and r-open subsets of V 2
L pXq are of the form Òx for x P

V 2
L pXq. Let C Ď Òx be a linearised rooted and r-open subset, such that rpCq “ x. If C ‰ Òx there is some
y such that x ď y and y R C. Because C is r-open, there is some y1 P C such that rpyq “ rpy1q. Now note
that y1 and y are comparable (they are both successors of x), so by Lemma 34, we have that y “ y1, a clear
contradiction. So we must have no such y must exist, and hence, that no C in these conditions can exist.
We then conclude that every rooted linearised subset is of the form Òx for some x, which yields an easy
isomorphism. ■
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Proposition 36. Let X be a finite poset. Then V 2
L pXq is prelinear.

Proof. We show, by induction on the cardinality of x P V 2
L pXq, that Òx is linear. Now first, notice that if

x has cardinality 1, then it must be of the form tTiu for some Ti P VLpXq. Then note that Ti must be a
singleton: if it had more than one element, say Ti “ tx0, ..., xnu, then Ti ď txi, ..., xnu, for some xi ‰ rpTiq,
and this would violate r-openness. This means that the elements of cardinality 1 are exactly the elements
of depth 1. Now assume that x is some element which is of depth 2, i.e., all of its proper successors are of
depth 1. Then we claim it can have at most one such successor. Otherwise tau P x and tbu P x for some
elements a, b. But this is a contradiction, since x is assumed to be linearly ordered, and neither tau ď tbu
nor tbu ď tau. Hence, since x is of depth 2, it must contain some unique additional rooted set Ti, such
that whenever Ti ď M , then rpMq “ rpTiq or rpMq “ tcu for the unique successor of x. This easily can
be seen to entail that Ti must then have exactly two elements. Proceeding in the same way, if x is some
element of depth 3, all of its proper successors are of depth 2, then it can have at most one such successor by
similar arguments, and it must have exactly 3 elements: one of each cardinality from 1 to 3. The argument
generalizes straightforwardly for any n. But this implies that then Òx is linear for any x. ■

Putting these Propositions together, we obtain the following result, which is interesting from several
points of view:

Theorem 37. Let X be a finite poset. Then V 2
L pXq – V 8

L pXq.

Proof. By Proposition 36 we know that V 2
L pXq will be prelinear; and by Proposition 35 we have that

iterating the construction past the second stage does not generate anything new. Hence for each n ą 2,
V n
L pXq – V 2

L pXq, meaning that the projective limit will be likewise isomorphic. ■

The above theorem, coupled with some of the theory we have developed for Heyting algebras, and which
could easily be generalised for Gödel algebras, can have some computational uses: given two Gödel algebras,
to compute their coproduct, we can look at their dual posets, form the product, and apply V 2

L , to obtain
the resulting product. This provides an alternative perspective from the recursive construction discussed in
[11, 1]. Moreover, it provides the following interesting property of Gödel logic:

Theorem 38. Let φpp0, ..., pnq be a formula in the language of IPC. Then over LC φ is equivalent to a
formula ψ, over the same propositional variables, of implication degree 2.

6 Categories of Posets with P-morphisms

We now turn our attention to how the questions from the previous sections can be understood in a “discrete”
setting – i.e., by considering posets, rather than Esakia spaces. One key motivation for this comes from the
logical setting, where such discrete duals correspond to the “Kripke semantics” of modal and superintu-
itionistic logics. As we will see, a construction analogous to the VG functor can be provided, relating the
category of Image-Finite Posets with p-morphisms, and the category of posets with monotone maps. To
justify it, we begin by outlining the relationship between such a category and the category of finite posets
with p-morphisms, and the general phenomenon of profiniteness. We then describe the full construction.

6.1 Pro- and Ind-Completions of categories of finite objects

To explain the questions at hand, we recall the picture, outlined in [19, Chapter VI], relating categories
of finite algebras and several of their completions. To start with, we have FinBA, the category of finite
Boolean algebras, and its dual, FinSet. For such categories, there are two natural “completions”:

• The Ind-completion, Indp´q, which freely adds all directed colimits;

• The Pro-completion, Prop´q, which freely adds all codirected limits.
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For categories of algebras, the Pro-completion can equivalently be seen as consisting of the profinite algebras
of the given type, whilst the Ind-completion can be seen as obtaining all algebras of that same type. As
such, we have that:

IndpFinBAq “ BA and PropFinBAq “ CABA

where BA is the category of all Boolean algebras with Boolean algebra homomorphisms, and CABA is
the category of complete and atomic Boolean algebras with complete homomorphisms. Correspondingly, we
have that

IndpFinSetq “ Set and PropFinSetq “ Stone.

The facts that Setop – CABA (Tarski duality) and Stoneop – BA (Stone duality) then amount to the
basic relationship between Ind and Pro-completions, namely, for any category C:

pIndpCopqqop – PropCq and pPropCopqqop – IndpCq.

A similar picture can be drawn for distributive lattices: there the relevant category of finite objects is the
category FinPos of finite posets with monotone maps, which is dual to FinDL, finite distributive lattices
with lattice homomorphisms, and we have that

IndpFinDLq “ DL and PropFinDLq “ CCJDL

IndpFinPosq “ Pos and PropFinPosq “ Pries,

where DL is the category of all distributive lattices with lattice homomorphisms; CCJDL is the category
of complete and completely join-prime generated distributive lattices with complete lattice homomorphisms;
Pos is the category of all posets with monotone maps; and Pries is the category of Priestley spaces with
Priestley morphisms.

If we are interested in Heyting algebras, it is not hard to see that the category of finite Heyting algebras
with Heyting algebra homomorphisms is dual to the category FinPosp of finite posets with p-morphisms.
The Ind-completion of FinHA is of course still HA, and what we have shown above is that the inclusion
of HA into DL admits a left adjoint. So if we wish to use this abstract perspective to “guess” a discrete
category, the natural place to look is the Ind-completion of FinPosp. Such objects are those which are
directed colimits of finite posets via p-morphisms – but this means that the finite posets must embed into
the top of the object, i.e., such objects must be image-finite posets, in other words

IndpFinPospq – ImFinPos

where ImFinPos is the category of image-finite posets with p-morphisms. And indeed, we have that such
a category is, by the main results from [4], dual to the category of profinite Heyting algebras, as desired.
Indeed, a similar picture to this one has been discussed for finite modal algebras, and their duals, finite
Kripke frames, in the recent preprint [13], where the above dualities are briefly sketched 3.

As a result of this relationship, it is natural to look for an adjunction holding between the inclusions of
ProHA into CCJDL, or equivalently, for a right adjoint to the inclusion of ImFinPos into Pos. This is
what we outline in the next section.

6.2 An Adjunction between the category of Image-Finite posets and Posets
with Monotone Maps

Our constructions in this section mirror very much the key constructions from Section 3. Indeed, given a
poset g : P Ñ Q, denote by

PgpXq “ tC Ď X : C is rooted, g-open, and finite u.

3Implicit in the discussion above is the Raney duality between complete and completely join-prime generated distributive
lattices, and its restriction to Heyting algebras. Whilst this result is very well-known and often mentioned in the literature,
and traces its origins to the work of Raney, De Jongh and Troelstra, a concise proof of it does not seem to be available in the
literature; in the Appendix we provide such a proof, for completeness
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As usual when g is the terminal map to the one point poset, we write Pr. Also note that regardless of the
structure of X, PgpXq will always be an image-finite poset, though in general the root maps will not admit
any sections.

Definition 39. Let P,Q be posets with g : P Ñ Q a monotone map. The g-Powerset complex over P ,
pP g

‚ pXq,ď‚q is a sequence
pP0pXq, P1pXq, ...q

connected by monotone maps ri : Pi`1pXq Ñ PipXq such that:

1. P0pXq “ X;

2. r0 “ g;

3. For i ě 0, Pi`1pXq :“ PripPipXqq;

4. ri`1 :“ rri : Pi`1pXq Ñ PipXq is the root map.

We write P g
GpP

g
‚ pXqq for the image-finite part of the projective limit of the above sequence in the category

of posets with monotone maps. In other words, we take

tx P lim
ÐÝ

PnpXq : Òx is finite u.

We now prove the following, which is analogous to the property from Lemma 14:

Lemma 40. Let g : X Ñ Y be a monotone map between posets; h : Z Ñ X be a monotone and g-open
map, where Z is image-finite. Then there exists a unique monotone and rg-open map such that the triangle
in Figure 4 commutes.

Z PgpXq

X

h

h1

r

Figure 4: Commuting Triangle of Posets

Proof. The arguments will all be the same except we now need to show that given a P Z, h1paq is a finite
subset; but since we assume that Òa is finite, this immediately follows. ■

Using this we can show that the poset P g
GpXq will be terminal in the desired way. The next Proposition

contains the crux of the arguments:

Proposition 41. Given a poset X, P g
GpXq has the following universal property: whenever p : Z Ñ X is a

monotone map from an image-finite poset Z, there is a unique extension of p to a p-morphism p : Z Ñ PGpXq.

Proof. Using Lemma 40 repeatedly we construct a map f : Z Ñ lim
ÐÝ

PnpXq. We will show that such a map
is in fact a p-morphism; if we do that, then since Z is image-finite, it will factor through the image-finite
part of the projective limit, and hence will give us the desired map.

So assume that x P Z, and suppose that
fpxq ď y

Note that by construction, y “ pa0, a1, ...q for some elements, sending the root map appropriately. Now let
n be arbitrary. Then consider an`1, which by definition is a subset of pn`1rÒxs “ tpnpyq : x ď yu. That
means that there is some y1 such that x ď y1 and fpy1q agrees with y up to the n-the position (which follows
from the commutation of the triangles in the above Lemma). Since x P Z has only finitely many successors,
this means that there must be a successor x ď a, such that fpaq agrees with y on arbitrarily many positions,
i.e., fpaq “ y. This shows the result as desired. ■
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Using similar arguments, and similar ideas to Proposition 16, we can then show:

Proposition 42. The map PG : PosÑ ImFinPos is a functor; indeed it is left adjoint to the inclusion of
I : ImFinPosÑ Pos.

A few facts are worthy of note here: following the main ideas of [13], the above describes an adjunction
which splits the adjunction between profinite Heyting algebras and the category of sets, a fact which is
worthy of note. Moreover, as noted in this work, the construction PG given above can be thought of as a
generalization of the n-universal model – indeed, if one starts with the dual poset of the free distributive
lattice on n-generators, PG will produce precisely this same model. This illustrates an interesting connection
between these two well-known constructions of the free algebra – the Ghilardi/Urquhart step-by-step con-
struction, and the Bellissima/Grigolia/Shehtman universal model – showing that they are, in some sense,
dual to each other.

7 Conclusions and Further Research

In this note we have generalized Ghilardi’s construction of the free Heyting algebra generated by a finite
distributive lattice to the general case, and have extracted some consequences from this – namely, the fact
that the category of Heyting algebras is co-distributive, and direct proofs of amalgamation of Heyting algebras
deriving from the corresponding properties for distributive lattices, together with general considerations. We
have also looked at how this construction fares in different settings: when considering specific subvarieties
of Heyting algebras (Boolean algebras, KC-algebras, LC-algebras), where it is shown that the construction
can be reasonably adapted, and sometimes corresponds to natural modifications of the Ghilardi functor;
and also we considered the relationship between the category of image-finite posets with p-morphisms and
the category of posets with monotone maps, showing that reasonable modifications also yield an adjunction
here.

Several questions are raised by the above considerations, both of a technical and of a conceptual nature.
An immediate application which we intend to develop in a companion paper to this one is that the above
adjunctions can be used to provide a coalgebraic semantics for some intuitionistic modal logics; this is
done by showing that essentially the coalgebraic representation which works for distributive lattices can be
“reflected” to Heyting algebras by using the VG and PG constructions.

Looking futher, in the case of finite distributive lattices, Ghilardi managed to show using his construction
that free finitely generated Heyting algebras are bi-Heyting algebras; this relies on the fact that applying
Vgp´q to a finite poset yields a finite poset, which has a natural structure as a bi-Esakia space. It is not
clear that even starting with a bi-Esakia space X, VgpXq will be bi-Esakia; we have been able to show that
VrpXq will be co-Esakia, but all other facts remain open.

Following in the study of subvarieties of Heyting algebras, a systematic study connecting correspondence
of axioms with Kripke semantics, and the appropriate modifications made to the VG functor, seems to be in
order. This does not seem immediately straightforward, as our example with KC algebras illustrates, but it
might be possible to obtain more general results.

It would also be interesting to study similar constructions to the ones presented here for other signatures;
a natural extension would be to study bi-Heyting algebras and bi-Esakia spaces. We expect that this should
provide a fair challenge, since rather than simply adding relative pseudocomplements, such a construction
would need to also add relative supplements, and even in the finite case, no such description appears to be
available in the literature.

Finally, the present methods show that the category of image-finite posets includes into all posets through
an inclusion admitting a right adjoint, but this explains nothing of the inclusion

Posp Ñ Pos.

The former category seems even less well-behaved than the category of image-finite posets, and seems to be
connected with the category of Topological spaces with open and continuous maps. We leave it for further
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research to study how such adjunctions operate, and their consequences for the study of categories of logic,
of algebras, their connections with point-free topology, and other related fields.
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9 Appendix A - Raney Duality

Following [5], we refer generically to the duality between complete and completely join-prime generated
algebras as Raney duality, due to the origins of such a duality in the work of Raney [25]; however, as pointed
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out in [5], the morphism part of such a duality is difficult to find in the literature. The restriction of such a
duality to Heyting algebras and their corresponding maps was discussed in [20]. We refer the reader to the
discussion in [22], where these and other results of a similar nature are outlined.

In this appendix we provide in full details the duality between these categories, and recall the restrictions
of such a duality to the case of profinite Heyting algebras, as discussed in [4].

Definition 43. Let D be a distributive lattice. We say that x P D is completley join-prime if whenever
x ď

Ž

iPI ai for paiqiPI Ď D, then x ď ai for some i P I. We say that D is completely join-prime generated
if for each b P D, there exists a family pciqiPI of join-prime elements such that b “

Ž

iPI ci. We denote by
CCJDL the category of complete and completely join-prime generated distributive lattices, with complete
distributive lattice homomorphisms.

Let Upp´q : PosÑ CCJDLop be the assignment which, given a poset P , maps it to the set of its upsets,
and given a monotone map p : P Ñ Q, maps it to p´1. Then we have:

Proposition 44. The map Upp´q : PosÑ CCJDLop is a well-defined functor.

Proof. It is easy to check that UppP q is always a complete distributive lattice with union and intersection.
It is also completely join-prime generated, since the sets of the form Òx are easily seen to be completely
join-prime. The fact that p´1 will be a complete distributive lattice homomorphism is likewise standard. ■

In the opposite direction we consider the map J 8p´q : CCJDL Ñ Pos which, given a complete and
completely join-prime generated algebra D, assigns it the poset pJ 8pDq,ĺq of completely join-prime filters
(i.e., principal filters generated by a completely join-prime element); and sends complete distributive lattice
homomorphisms h : D Ñ D1 to the monotone map h´1. Then we have:

Proposition 45. The map J 8p´q : CCJDLÑ Pos is a well-defined functor.

Proof. We check that h´1 is monotone. Assume that x, y P J 8pD1q, and x ĺ y. Assume that a P h´1rxs.
Then hpaq P x, so hpaq P y, so a P h´1rys. This shows the desired result. ■

The key facts establishing the duality are the following naturality requirements:

Proposition 46. The assignment:
ε : P Ñ J 8pUppP qq

given by εpxq “ ÒpÒxq is a poset isomorphism; and the assignment:

η : D Ñ UppJ 8pDqq

Given by ηpxq “
Ť

iPItÒai : ai is completely join-prime, and ai ď xu, is a distributive lattice isomorphism.
Moreover, both of these assignments are natural, i.e., they witness a dual equivalence of categories.

Proof. The naturality of these assignments is easy to see. We show that both of them are isomorphisms.
To see that ε is injective, note that if x ‰ y then without loss of generality, x ę y, so Òy Ę Òx, so

Òx R εpyq, so εpxq ‰ εpyq. Moreover, we have that x ď y if and only if Òy Ď Òx if and only if ÒpÒxq ď ÒpÒyq.
To see surjectivity, note that if F is a completely join-prime filter, then it is generated by an element x P P .

Now assume that x, y P D and x ‰ y. Since D is completely join-prime generated, then there is some
completely join-prime element a ď x such that a ę y. So ηpxq ‰ ηpyq. To see that this is a complete
distributive lattice homomorphism, note that

ηp
ľ

iPI

aiq “
ď

jPJ

tÒbj : bj ď
ľ

aiu “
č

iPI

ď

jPJi

tÒbj : bj ď aiu;

and similar for the join. Finally, to see that this is surjective, first note that if a is completely prime in
D, then ηpaq “ ÒpÒaq; assume that U is an upset of J 8pDq; for each a P U let a1 P D be the completely
join-prime element which generates it. Then look at

b :“
ł

aPU

a1,

23



which exists in D by completeness. We claim that ηpbq “ U . Indeed, by the fact just proved

ηpbq “
ď

iPI

ηpa1q “
ď

iPI

ÒpÒa1q “ U,

as desired. ■

Of interest to us is the restriction of the above duality to the subcategories Posp, on one hand, and
CCJHA, the category of complete and completely join-prime generated Heyting algebras with Heyting
homomorphisms, in another. We note that in both cases, these are wide subcategories - they contain all
the same objects, but fewer morphisms: this is because every complete and completely join-prime generated
distributive lattice is already a Heyting algebra in a canonical way: given U, V upsets we define the relative
pseudocomplement as

U Ñ V :“ tx : @ypx ď y ^ y P U ùñ y P V qu

The transformations, on the level of objects, are thus the same, and we focus on the case of morphisms:

Proposition 47. If f : P Ñ Q is a p-morphism, then f´1 : UppQq Ñ UppP q is a complete Heyting
homomorphism; if f : H Ñ H1 is a complete Heyting homomorphism, then f´1 : J 8pH1q Ñ J 8pHq is a
p-morphism.

Proof. The first fact follows by the usual arguments of Esakia and Jonsson-Tarski duality, and does not
present any trouble. To see the latter fact, assume that x P J 8pH1q and y P J 8pHq and

f´1rxs Ď y.

Let x1 be the principal generator of the filter x. Consider the following sets:

Impyq “ tfpaq : a P yu and CoImpyq “ tfpbq : b R yu.

Then first we claim that
x1 ^

ľ

Impyq ę
ł

CoImpyq

For suppose it was. Then
x1 ď

ľ

tfpaq : a P yu Ñ
ł

tfpbq : b R yu;

since f is a complete Heyting homomorphism, we have that

x1 ď fp
ľ

ta : a P yu Ñ
ł

tb : b R yuq.

So fp
Ź

ta : a P yu Ñ
Ž

tb : b R yuq P x, so
Ź

ta : a P yu Ñ
Ž

tb : b R yu P f´1rxs, and by assumption, it is
also in y. Since

Ź

ta : a P yu P y as well, then this means that
Ž

tb : b R yu P y; but since y is completely
prime, this is a contradiction.

Hence, by complete join-prime generation, we have that there must be a completely join-prime element
c1 such that c1 ď x1 ^

Ź

tfpaq : a P yu and c ę
Ž

tfpbq : b R yu. Let c :“ Òc1. Then clearly x ď c; moreover,
we have that

f´1rcs “ y;

indeed if a P y, then fpaq P c; and if b R y, then fpbq R c, by construction. This shows that f´1 is a
p-morphism as desired. ■

We also recall the main result from [4] (see Theorem 3.6). We present here a simplified proof of this
duality, which avoids the detour through Esakia duality, and which follows our categorical considerations.
For it, we need the following simple lemma:

Lemma 48. Let P be a poset. Then P is a directed colimit of finite posets through a diagram consisting
only of p-morphisms if and only if P is an image-finite poset.
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Proof. Recall that directed colimits in the category of posets consist of disjoint unions with identification
along the images. Hence, if P is an image-finite poset, then we can certainly represent it as the directed
colimit of its finite upsets, all of which will be finite posets as well.

Now assume that P can be represented in this way. Suppose that x P P ; then by definition, x must have
been introduced at some stage, say P 1, such that g : P 1 Ñ P is a p-morphism. Now since P 1 is finite, this
then implies that Òx must be finite as well, otherwise the back condition could not be satisfied on g. ■

We will also help ourselves to the following lemma (see [6, Lemma 2.6]:

Lemma 49. Let H be a profinite Heyting algebra. Then H is complete and completely join-prime generated.

With this we can prove the following:

Lemma 50. Let H be a complete and completely join-prime generated Heyting algebra. Then for each F
a finite Heyting algebra, it is a quotient of H if and only if it is a complete quotient of H.

Proof. It is a standard fact that quotients correspond to filters, and that complete quotients correspond
to complete filters. Complete filters in complete algebras must always be principal; so in the dual Esakia
space, they are represented by closed upsets of the form φpaq. Hence complete quotients into finite algebras
correspond, dually, to finite upsets of the form φpaq.

On the other hand, a finite quotient of such an algebra also corresponds to a filter, and via duality, to a
finite closed upset. Let U be such a subset in the Esakia space. Note that we have that

U “
č

yRU

Uy

where Uy are some closed upsets. Since the algebra is complete, we have that U 1 “ intp
Ş

yRU Uyq is a clopen
upset, and clearly a subset of the former. Since the algebra is completely join-prime generated, we can
prove by induction that each Òx in such an algebra must in fact be completely join-prime generated (by first
considering the singletons, and then showing inductively that each element of the form Òx must be clopen as
well). But this then implies that U “ U 1, i.e., that U is a clopen upset, and hence, that such finite quotients
correspond to complete finite quotients, as desired. ■

We now obtain the following:

Theorem 51. The equivalence between Posp and CCJHA restricts to an equivalence between ImFinPos
and ProHA.

Proof. By definition, a Heyting algebra is profinite if and only if it is an inverse limit of the finite Heyting
algebras which are its finite quotients, through Heyting surjections. Note that since these algebras are all
complete, by Lemmas 49 and 50, the inverse limit is taken in the category CCJDL. Hence using the above
duality, a poset P is dual to a profinite Heyting algebra if and only if it is a directed colimit of its finite upsets,
through maps which are p-morphisms. But by Lemma 48, we have that these are exactly the image-finite
posets. ■
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