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Plan for the Day

- Maksimova's characterisation of superintuitionistic logics with the
interpolation property



Maksimova's characterisation

A superintuitionistic logic has the interpolation property iff it is one of

CPC,
LCy = IPC + bdz + bw; = logic of the 2-chain,
LC=IPC+p— qv q— p=logic of chains,
KC=IPC+ —pv ——p = logic of directed frames,
BD> = IPC + bd2 = logic of frames of depth at most 2,
BD2Ws = BD2 + bws = logic of the 2-fork,

IPC.



Understanding the statement




Logics of bounded depth

Definition
We define a sequence of formulas bd,, inductively:

bdg = L,

bdn+1 = Pn+1 V (pn+1 i bdn)7
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Preliminary tools



Jankov formulas

Theorem (Jankov)

Let F be a finite rooted frame (i.e. the dual of a finite SI algebra). Then there
is a formula x(F) such that for any frame G, we have G ¥ x(F) iff Fis a
p-morphic image of a subframe of G.
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Theorem

A locally finite logic L can be axiomatised by the Jankov formulas

{x(F) | F # L}.
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Lattice of finite rooted frames

Definition

We turn the class of finite rooted frames into a poset by setting F' < G iff G
is a p-morphic image of a generated subframe of F'.

Definition

A frame F covers a frame G iff F < G and there is no frame H such that
F < H<GG.

Proposition

Let F" be a finite rooted frame. Then

Log(F) = IPC+ {x(G) | G = F}.




Poset of finite rooted frames

See board.
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«: Exercise.

=>: Assume that L is a superintuitionistic with interpolation. If L = CPC, we
are done. Otherwise, observe that CPC is the logic of the 1-frame, whose
only cover is the 2-chain.

. |

(a) The 1-frame (b) The 2-chain

Therefore CPC is axiomatised by the Jankov formula x2. of the 2-chain. As
L < CPC, we have xa. ¢ L, thus the 2-chain is an L-frame.

If L is the logic of the 2-chain, then L = LCs, and we are done.
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Otherwise, observe that the only covers of the 2-chain are the 3-chain and

the 2-fork.

(a) 3-chain (b) 2-fork

Therefore, LC is axiomatized by the Jankov formulas xs. of the 3-chain and
X2y Of the 2-fork. As L < Lo, we have xsc ¢ L or x25 ¢ L, thus either the
3-chain or the 2-fork are L-frames.
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the 3-fork.
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Therefore, BD- is axiomatised relative to BD; by the Jankov formula xss of
the 3-fork. As BD2 € L < BD2W,, we have ysy ¢ L, thus the 3-fork is an
L-frame.
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Therefore, BD is axiomatised relative to BD2 by the Jankov formula xsy of
the 3-fork. As BD2 € L < BD2Ws, we have xsy ¢ L, thus the 3-fork is an
L-frame. An amalgamation argument shows that every n-fork is an L-frame,
thus L = BDs.
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Assume that both the 2-fork and the 3-chain are L-frames. A non-trivial
amalgamation trick shows that the 3-fork is an L-frame, thus all n-forks are
L-frames. An amalgamation argument show that every n-chain is an
L-frame. Another non-trivial amalgamation trick shows that every n-ary tree
is an L-frame, thus every finite tree is an L-frame. As IPC is the logic of
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First assume that x25 € L, i.e. the 2-fork is not an L-frame. Then

L 2 KC = IPC + x25. What's more, the 3-chain is an L-frame, and an
amalgamation argument shows that every n-chain is an L-frame. Thus
LcLC

If L = LC, we are done. Otherwise, observe that LC is axiomatised relative to
KC by the Jankov formula x4 of the diamond, i.e. LC = KC + yq4. As
KC < L ¢ LC, we have x4 ¢ L, so the diamond is an L-frame.

The 3-chain and diamond are L-frames, we proceed as in the case of the
3-chain and the 2-fork, showing that every tree with a point on top is an
L-frame. This way we obtain every directed finite poset, so L must be KC.
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Theorem
A locally finite logic L can be axiomatised by the Jankov formulas

{X(F) | F i L}. )
Proof.
Let L' = IPC + {x(P) | P ¥ L}. We claim that L = L.
D: Exercise.

C: Suppose ¢ ¢ L'. Let A be a subdirectly irreducible finitely generated
model of L’ which refutes ¢ and let X be its dual.

Suppose that X is finite. If X = L, then ¢ ¢ L. If X ¥ L, the x(X) e L', so
X = x(X), which is absurd.

If X is infinite, m-generated, it has infinite depth?. Let k be the largest depth
of an m-generated L model. Take some z € X at depth k + 1 and let Y be
the subframe generated by z. Then Y # L, so x(Y) € L. As Y is an
L'-frame, we have Y = x(Y), which is a contradiction. O

9The curious student should refer to Nick’s thesis, sections 3.1 & 3.2




Thank you!
Questions?
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